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SLIGHTLY DEGENERATE CATEGORIES AND Z-MODULAR DATA
by
Abel Lacabanne
1. Introduction
AnN-modular datum overC is a finite set I , a distinguished element i0 ∈ I , a squarematrix
S ∈MI (C), a diagonal matrix T ∈MI (C) such that
1. for any i ∈ I , Si0,i 6= 0,
2. S is unitary, symmetric and S4 = Id, (ST )3 =λ Id and [S2,T ] = Id,
3. for any i , j ,k ∈ I ,
N ki , j =
∑
l∈I
Si ,lS j ,lSk ,l
Si0,l
belongs to N.
Modular categories naturally give rise to modular data [EGNO15, Section 8.16] and given
a modular datum, one can ask the question of finding a modular category with this modular
datum. In [Lus94], Lusztig gives a slightly more restrictive definition of modular datum, and
associate a modular datum to each dihedral group.
In order to generalize Lusztig’s work for imprimitive complex reflection groups, Malle
[Mal95] defines a modular datum, but such that the integers N ki , j are in Z, which we will call
Z-modular datum. We need another categorical framework to understand these data, since a
modular category alwaysdefines anN-modular datum: the integersN ki , j are themultiplicities
of the object k in the tensor product i ⊗ j .
In [BR17] Bonnafé and Rouquier gave a categorification of theMalleZ-modular datum as-
sociated with cyclic groups, by constructing a tensor triangulated category with extra struc-
ture.
In this article, weexplainhowslightlydegeneratebraidedpivotal fusioncategories [ENO11,
Definition 2.5] give rise to Z-modular datum. This is also related to braided pivotal superfu-
sion categories [BE17]. Note that there exist two pivotal structures on supervector spaces,
one of which is unitary (and therefore all simple objects have positive dimension), and the
other is not (the two simple objects are of dimension 1 and −1). In [BGH+17], the authors
consider super-modular categories (unitarymodular categories with symmetric center equal
to sVect) but they do not get a modular datum from such a category. We will show that with
the non-unitary structure, a slightly degenerate category gives rise to a Z-modular datum.
As an application, we will reinterpret the example of Bonnafé and Rouquier in this setting
of slightly degenerate categories. This approach will be generalized in [Lac18].
2 A. LACABANNE
This paper is organized as follows. Section 2 extends well-known results on modular cate-
gories to pivotal braided fusion categories which are not necessarily spherical: similar to the
modular case, we construct an action of the group SL2(Z) on the Grothendieck group of a
nondegenerate braided pivotal fusion category andwe show that the twist are always roots of
unity. Section 3 introduces slightly degenerate categories, and we explain how such a cate-
gory gives rise to aZ-modular datum. We introduce in Section 4 the notion of a supercategory
[BE17], and explain how to produce a supercategory from a slightly degenerate category with
extra structure. Finally, Section 5 is devoted to the example ofBonnafé-Rouquier in the setting
of slightly degenerate categories.
Acknowledgements. — I warmly thankmy advisor C. Bonnafé for many fruitful discussions
andhis constant support. Thepaper is partially baseduponwork supportedby theNSFunder
grantDMS-1440140 while the authorwas in residence at theMathematical Sciences Research
Institute in Berkeley, California, during the Spring 2018 semester.
2. Nondegenerate braided pivotal fusion categories
Let | be an algebraically closed field of characteristic 0 andC be a tensor category over |,
as defined in [EGNO15, Definition 4.1.1]: C is a locally finite |-linear abelian rigid monoidal
category (with unit object denoted by 1) such that the bifunctor⊗:C×C →C is|-bilinear on
morphisms and EndC (1) = |. We denote byαX ,Y ,Z : (X ⊗Y )⊗Z → X ⊗(Y ⊗Z ) the associativity
constraint, but will often omit it. The left (resp. right) dual of an object X ∈ C is denoted by
X ∗ (resp. ∗X ) with evaluation and coevaluation morphism
evX : X
∗⊗X → 1 and coevX : 1→ X ⊗X ∗
(resp.
ev′X : X ⊗ ∗X → 1 and coev′X : 1→ ∗X ⊗X )
such that the following compositions are identities
X X ⊗X ∗⊗X X ,coevX ⊗ idX idX ⊗evX
X ∗ X ∗⊗X ⊗X ∗ X ∗.idX ∗ ⊗coevX evx ⊗ idX ∗
One can define, for any f : X → Y with X and Y having left duals, the left dual of f as the
map f ∗ : Y ∗→ X ∗ given by the composition
Y ∗ Y ∗⊗X ⊗X ∗ Y ∗⊗ Y ⊗X ∗ X ∗,idY ∗ ⊗coevX idY ∗ ⊗ f ⊗idX ∗ evY ⊗ idX ∗
and similarly there exists the right dual of a map.
We assume that C is equipped with a pivotal structure [EGNO15, Definition 4.7.8]: there
is an isomorphism of monoidal functors aX : X → X ∗∗. For f ∈ HomC (X ,X ), we can define
two traces that are elements of EndC (1) = |. The right quantum trace TrRX ( f ) is given by the
composition
1 X ⊗X ∗ X ∗∗⊗X ∗ 1,coevX (aX ◦ f )⊗idX ∗ evX ∗
and the left quantum trace TrLX ( f ) is given by the composition
1 X ∗ ⊗X ∗∗ X ∗ ⊗X 1.coevX ∗ idX ∗ ⊗( f ◦a
−1
X ) evX
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It is well known that for any f ∈ EndC (X ), TrRX ∗ ( f ∗) = TrLX ( f ). We also define the partial traces
of f ∈ EndC (X ⊗ Y ) by
idX ⊗TrRY ( f ): X X ⊗ Y ⊗ Y ∗ X ⊗ Y ∗∗⊗ Y X
coevY ((idX ⊗aY )◦ f )⊗idY evY
and
TrLX ⊗ idY ( f ): Y X ∗⊗X ∗∗⊗ Y X ∗⊗X ⊗ Y Y .
coevX ∗ idX ∗ ⊗( f ◦(a−1X ⊗idY )) evX
Finally, denote by TrL ,RX⊗Y ( f ) the endomorphism of 1 given by Tr
L
X (idX ⊗TrRY ( f )) which is then
equal to TrRY (Tr
L
X ⊗ idY ( f )).
Lemma 2.1. — Let C be a pivotal rigid monoidal category, X and Y two objects of C and
f ∈HomC (X ⊗ Y ,X ⊗ Y ). Then TrL ,RY ∗⊗X ∗ ( f ∗) = TrL ,RX⊗Y ( f ).
Proof. — In order to simplify notations, we omit tensor product signs between objects. We
denote by a the pivotal structure. By definition:
idY ∗ ⊗TrRX ∗ ( f ∗) = (idY ∗⊗evX ∗∗ ) ◦ (idY ∗⊗aX ∗ ⊗ idX ∗∗ ) ◦ ( f ∗⊗ idX ∗∗ ) ◦ (idY ∗⊗coevX ∗ ).
Using the definition of f ∗ and the functoriality of the tensor product, we obtain:
idY ∗⊗TrRX ∗ ( f ∗) = (evY ⊗ idY ∗ ) ◦ (idY ∗⊗evX ⊗ idY Y ∗ ) ◦ (idY ∗X ∗⊗ f ⊗ idY ∗ ) ◦ (idY ∗X ∗X ⊗coevY )
◦ (idY ∗X ∗⊗((idX ⊗evX ∗∗ ) ◦ (idX ⊗aX ∗ ⊗ idX ∗∗ ) ◦ (coevX ⊗ idX ∗∗ ))) ◦ idY ∗⊗coevX ∗ .
But aX ∗ = (a
−1
X )
∗ (c.f. [EGNO15, Exercise 4.7.9]) and therefore (idX ⊗aX ∗ ) ◦ coevX = (a−1X ⊗
idX ∗∗∗ ) ◦ coevX ∗∗ . Using the definition of the duality, one has (idX ⊗evX ∗∗ ) ◦ (idX ⊗aX ∗ ⊗ idX ∗∗ ) ◦
(coevX ⊗ idX ∗∗ ) = a−1X and consequently
idY ∗ ⊗TrRX ∗ ( f ∗) = (evY ⊗ idY ∗ ) ◦ (id∗Y ⊗(TrLX ⊗ idY )( f )⊗ idY ∗ ) ◦ (idY ∗ ⊗coevY ) =

(TrLX ⊗ idY )( f )
∗
.
Finally,
TrL ,RY ∗⊗X ∗ ( f
∗) = TrLY ∗
 
(TrLX ⊗ idY )( f )
∗
= TrRY ((Tr
L
X ⊗ idY )( f )) = Tr
L ,R
X⊗Y ( f ),
as expected.
The left and right quantum dimensions are
dimL (X ) :=TrLX (idX ) and dim
R (X ) := TrRX (idX )
which therefore satisfy dimR (X ∗) = dimL (X ). Define the squared norm of an object X by
|X |2 := dimR (X )dimL (X ) = dimR (X )dimR (X ∗).
It is a totally positive number ifX is simple [EGNO15, Proposition 7.21.14]: for any embedding
ι of the subfield |alg of algebraic elements of | inC, one has ι(|X |2)> 0. The dimension of the
categoryC is
dim(C ) :=
∑
X ∈Irr(C )
|X |2,
where Irr(C ) denotes the set of isomorphism classes of simple objects ofC .
We further assume that C is braided: there exists a family of binatural isomorphisms
cX ,Y : X ⊗ Y → Y ⊗X such that the hexagon axioms are satisfied [EGNO15, Definition 8.1.1].
For a rigid braided tensor category, there exists a natural isomorphism uX : X → X ∗∗, called
the Drinfeld morphism, defined as the composition
X X ⊗X ∗ ⊗X ∗∗ X ∗⊗X ⊗X ∗∗ X ∗∗.coevX ∗ cX ,X ∗ evX
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It satisfies for all X ,Y ∈C ,
uX ⊗uY = uX⊗Y ◦ cY ,X ◦ cX ,Y .
Note that we have suppressed the isomorphism (X ⊗Y )∗∗ ≃ X ∗∗⊗Y ∗∗. To give a pivotal struc-
ture a on C is therefore equivalent to give a twist on C , which is a natural isomorphism
θX : X → X satisfying for all X ,Y ∈C
θX⊗Y = (θX ⊗θY ) ◦ cY ,X ◦ cX ,Y .
The pivotal structure and the twist are related by a = uθ . We will often endow the braided
pivotal categoryC with the twist given by the pivotal structure.
Remark. — There are twoways of identifying twist and pivotal structures [HPT16, Appendix
A.2]. We will always use the one described above.
2.1. Semisimplification. — We recall the procedure of semisimplification for pivotal cat-
egories (which are not necessarily spherical) which is given in [EO18]. Let C be a braided
pivotal tensor category over |. Denote by aX : X → X ∗∗ the pivotal structure.
A morphism f ∈ HomC (X ,Y ) is said to be left (resp. right) negligible if for all g ∈
HomC (Y ,X ) one has TrLX (g ◦ f ) = 0 (resp. TrRX (g ◦ f ) = 0). An application of [Bru00, Proposi-
tion 1.5.1] shows that the notions of left and right negligible morphisms coincide becauseC
is braided. Therefore the left quantum dimension of an object is zero if and only if its right
quantum dimension is zero: the assumption (2) of [EO18, Theorem 2.6] is satisfied. We then
denote by Homnegl(X ,Y ) the subspace of negligible morphisms. Define a category C ss with
the same objects asC and HomC ss (X ,Y ) =HomC (X ,Y )/Homnegl(X ,Y ).
Proposition 2.2 ([EO18, Theorem 2.6]). — Let C be a braided pivotal tensor category. The
categoryC ss is a semisimple braided pivotal tensor category whose simple objects are the inde-
composable objects ofC with non-zero right quantum dimension.
2.2. S-matrices and symmetric center. — The following definition is due toMüger [Müg03,
Definition 2.9].
Definition 2.3. — The symmetric centerZsym(C ) of a braidedmonoidal categoryC is the full
subcategory ofC with objects X such that
∀Y ∈C , cY ,X ◦ cX ,Y = idX⊗Y .
We say thatC is nondegenerate if 1 is the unique simple object inZsym(C ).
Hypothesis and notations.We suppose until the end of this Section that the
category C is a braided pivotal fusion category. Denote by Irr(C ) the set of
isomorphism classes of simple objects in C and by Gr(C ) its Grothendieck
ring which admits ([X ])X ∈Irr(C ) as a basis. For X ,Y ,Z ∈ Irr(C ), we denote
by N ZX ,Y the multiplicity of Z in the tensor product X ⊗ Y . Then Gr(C ) is a
free Z-algebra with basis Irr(C ) and the structure constants are given by the
positive integers N ZX ,Y :
[X ] · [Y ] =
∑
Z∈Irr(C )
N ZX ,Y [Z ].
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For any simple object X , its left and right quantum dimensions are non-zero [EGNO15,
Proposition 4.8.4]. If X and Y are objects ofC , we set
sRX ,Y := (idX ⊗TrRY )(cY ,X ◦ cX ,Y ) ∈ EndC (X )
and
s LX ,Y := (Tr
L
X ⊗ idY )(cY ,X ◦ cX ,Y ) ∈ EndC (Y ).
These induce two morphisms of abelian groups
sRX :

Gr(C ) −→ EndC (X )
Y 7−→ sRX ,Y
and s LY :

Gr(C ) −→ EndC (Y )
X 7−→ s LX ,Y
.
Proposition2.4 ([EGNO15, Proposition8.3.11]). — LetC beabraidedpivotal fusion category.
If X ∈C is simple then sRX : Gr(C )→ | and s LX : Gr(C )→ | are morphisms of rings.
We now consider the matrices SR ,R , S L ,R and S L ,L in MatIrr(C )(|) defined by
SR ,RX ,Y :=Tr
R
X⊗Y (cY ,X ◦ cX ,Y ) = TrRX (sRX ,Y ),
S
L ,L
X ,Y :=Tr
L
X⊗Y (cY ,X ◦ cX ,Y ) = TrLY (s LX ,Y ),
S
L ,R
X ,Y :=Tr
L ,R
X⊗Y (cY ,X ◦ cX ,Y ) = TrRY (s LX ,Y ) = TrLX (sRX ,Y ).
These three matrices are related as follow
dimL (X )
dimR (X )
SR ,RX ,Y = S
L ,R
X ,Y =
dimR (Y )
dimL (Y )
S L ,LX ,Y .
Remark. — ThematricesSR ,R andS L ,L are symmetric butSR ,L is not in general; if the pivotal
structure is spherical, these three matrices are equal.
As for any f ∈HomC (X ,X )we have TrRX ( f ) = TrLX ∗ ( f ∗), the following relations are satisfied:
S
R ,R
X ∗,Y ∗ = S
L ,L
X ,Y ,
S L ,RX ∗,Y ∗ = S
L ,R
Y ,X .
Hence the matrix (S L ,RX ,Y ∗ )X ,Y ∈Irr(C ) is symmetric.
It is clear that if X ∈ Irr(Zsym(C )) then for all Y ∈ Irr(C ) we have S ?,?
′
X ,Y = dim
?(X )dim?
′
(Y ),
for (?, ?′) ∈ {(R ,R ), (L ,R ), (L ,L)}.
Proposition2.5 ([EGNO15, Proposition 8.20.5]). — LetC be a braided pivotal fusion category
and X be a simple object inC . The following are equivalent:
1. X ∈Zsym(C ),
2. for all Y ∈ Irr(C )we have S L ,RX ,Y = dimL (X )dimR (Y ),
3. for all Y ∈ Irr(C )we have SR ,RX ,Y = dimR (X )dimR (Y ),
4. for all Y ∈ Irr(C )we have S L ,LX ,Y = dimL (X )dimL (Y ).
The category C can be endowed with another braiding, namely the reverse braiding. We
denote it by c rev and it is defined by c revX ,Y = c
−1
Y ,X . We denote byC rev the categoryC equipped
with the reverse braiding, and by S rev,R ,R , S rev,L ,L and S rev,L ,R the corresponding S-matrices.
Note that we use the same pivotal structure onC andC rev for the computation of the traces.
Proposition 2.6. — Let C a braided pivotal fusion category. Then for any X and Y simple
objects we have
S
rev,L ,R
X ,Y = S
R ,R
Y ,X ∗ .
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Proof. — We start with a lemma, which is a direct consequence of [EGNO15, Proposition
8.9.1].
Lemma 2.7. — LetC be a braided rigid tensor category. Then for every X and Y objects inC
we have:
1. (evX ⊗ idY ) ◦ (idX ∗⊗cY ,X ) = (idY ⊗evX ) ◦ (c −1Y ,X ∗ ⊗ idX ),
2. (cX ,Y ⊗ idY ∗ ) ◦ (idX ⊗coevY ) = (idY ⊗c −1X ,Y ∗ ) ◦ (coevY ⊗ idX ).
Now, by definition
S
rev,L ,R
X ,Y = (evX ⊗evY ∗ ) ◦ (idX ∗⊗X ⊗aY ⊗ idY ∗ ) ◦ (idX ∗⊗c −1X ,Y ⊗ idY ∗ )
◦ (idX ∗⊗c −1Y ,X ⊗ idY ∗ ) ◦ (idX ∗⊗a−1X ⊗ idY ⊗Y ∗ ) ◦ (coevX ∗⊗coevY ).
By naturality of the braiding and using Lemma 2.7 we have
(evX ⊗ idY ∗∗ ) ◦ (idX ∗⊗X ⊗aY ) ◦ (idX ∗⊗c −1X ,Y ) = (evX ⊗ idY ∗∗ ) ◦ (idX ∗⊗c −1X ,Y ∗∗ ) ◦ (idX ∗⊗aY ⊗ idX )
= (idY ∗∗⊗evX ) ◦ (cX ∗,Y ∗∗ ⊗ idX ) ◦ (idX ∗⊗aY ⊗ idX ).
Similarly,
(idX ∗⊗c −1Y ,X ) ◦ (idX ∗⊗a−1X ⊗ idY ) ◦ (coevX ∗⊗ idY ) = (idX ∗⊗Y ⊗a−1X ) ◦ (cY ,X ∗ ⊗ idX ∗∗ ) ◦ (idY ⊗coevX ∗ ).
Therefore
S
rev,L ,R
X ,Y = evX⊗Y ∗ ◦(cX ∗,Y ∗∗ ⊗ idX⊗Y ∗ ) ◦ (idX ∗⊗aY ⊗a−1X ⊗ idY ∗ ) ◦ (cY ,X ∗ ⊗ idX ∗∗⊗Y ∗ ) ◦ coevY ⊗X ∗
= evX⊗Y ∗ ◦(aY ⊗ id∗X ⊗a−1X ⊗ idY ∗ ) ◦ (cX ∗,Y ⊗ idX ∗∗⊗Y ∗ ) ◦ (cY ,X ∗ ⊗ idX ∗∗⊗Y ∗ ) ◦ coevY ⊗X ∗ .
Finally, using that (a−1X )
∗ = aX ∗ and that for any f :W → Z we have evW ◦(idW ⊗ f ∗) = evZ ◦( f ⊗
idZ ∗ ), we obtain S
rev,L ,R
X ,Y = S
R ,R
Y ,X ∗ .
2.3. Twists and Gauss sums. — We now suppose that the category C is equipped with a
twist θ˜ , and the twist associated to the pivotal structure is denoted by θ . On a simple object
X , the twist is multiplication by a scalar, and we will identify θ˜X with this scalar.
Proposition 2.8. — Let C be a braided pivotal fusion category. We consider θ the twist asso-
ciated to the pivotal structure. For any simple object X , we have θX ∗ dim
R (X ) = θX d im
L (X ).
Proof. — Similarly to [EGNO15, Proposition 8.10.14], we have dimR (X ) = θX evX ◦cX ,X ∗ ◦
coevX . We show that Tr
L ,R
X⊗X (c
−1
X ,X ) = evX ◦cX ,X ∗ ◦ coevX . By definition,
TrL ,RX⊗X (c
−1
X ,X ) = (evX ⊗evX ∗ ) ◦ (idX ∗⊗X ⊗aX ⊗ idX ∗ ) ◦ (idX ∗⊗c −1X ,X ⊗ idX ∗ )
◦ (idX ∗⊗a−1X ⊗ idX⊗X ∗) ◦ (coevX ∗⊗coevX ).
Using the naturality of the braiding, we get rid of the pivotal structure:
TrL ,RX⊗X (c
−1
X ,X ) = (evX ⊗evX ∗ ) ◦ (idX ∗⊗c −1X ,X ∗∗ ⊗ idX ∗ ) ◦ (coevX ∗⊗coevX ).
From the Lemma 2.7 we deduce that (idX ⊗evX ∗ )◦ (c −1X ,X ∗∗⊗ idX ∗ ) = (evX ∗⊗ idX )◦ (idX ∗∗⊗cX ,X ∗).
Therefore, using the properties of the duality, we obtain TrL ,RX⊗X (c
−1
X ,X ) = evX ◦cX ,X ∗ ◦ coevX ,
which leads to the conclusion that dimR (X ) = θX Tr
L ,R
X⊗X (c
−1
X ,X ).
But the Lemma 2.1 shows that TrL ,RX ∗⊗X ∗ ((c
−1
X ,X )
∗) = TrL ,RX⊗X (c
−1
X ,X ) and as (cX ,X )
∗ = cX ∗,X ∗ (c.f.
[EGNO15, Exercise 8.9.2]) we finally obtain
θ−1X dim
R (X ) = TrL ,RX⊗X (c
−1
X ,X ) = Tr
L ,R
X ∗⊗X ∗ (c
−1
X ∗,X ∗ ) = θ
−1
X ∗ dim
R (X ∗),
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as expected.
Therefore, for a simple object X , its left and right quantum dimensions are equal if and
only if θX ∗ = θX . We then recover the following well known result [HPT16, Appendix A.4].
Corollary 2.9. — LetC be a braided pivotal fusion category. The pivotal structure is spherical
if and only if the associated twist θ is a ribbon, that is satisfies θX ∗ = (θX )
∗ for any object X .
Proof. — The category being semisimple, for an object X =
⊕
Z∈Irr(C )Z
⊕nZ , we have
dimR (X ) =
∑
Z∈Irr(C )nZ dim
R (Z ), dimL (X ) =
∑
Z∈Irr(C )nZ dim
L (Z ),θX ∗ =
⊕
Z∈Irr(C )(θZ ∗ idZ ∗ )
⊕nZ
and (θX )
∗ =
⊕
Z∈Irr(C )(θZ idZ ∗ )
⊕nZ . The result follows immediately from the Proposition
2.8.
Definition 2.10. — Let C be a braided pivotal fusion category equipped with a twist θ˜ . The
Gauss sums of the categoryC are
τ±(C , θ˜ ) :=
∑
X ∈Irr(C )
θ˜±X |X |2.
If the twist θ˜ is the one obtained from the pivotal structure, we simply denote these sums by
τ±(C ).
The relation θ˜X⊗Y = (θ˜X ⊗ θ˜Y ) ◦ cY ,X ◦ cX ,Y gives, by taking the right quantum trace,
(2.1) θ˜X θ˜Y S
R ,R
X ,Y =
∑
Z∈Irr(C )
N ZX ,Y dim
R (Z )θ˜Z ,
for X and Y simple objects ofC .
Lemma2.11. — Let Y be a simple object of a braided pivotal fusion categoryC equippedwith
a twist θ˜ . Then
(2.2)
∑
X ∈Irr(C )
θ˜X dim
L (X )SR ,RX ,Y = θ˜
−1
Y dim
R (Y )τ+(C , θ˜ ).
Proof. — The proof is essentially the same as the one of [EGNO15, Lemma 8.15.2]. Using
(2.1), we have∑
X ∈Irr(C )
θ˜X dim
L (X )SR ,RX ,Y = θ˜
−1
Y
∑
X ,Z∈Irr(C )
N ZX ,Y dim
R (Z )dimL (X )θ˜Z
= θ˜−1Y
∑
Z∈Irr(C )
dimR (Z )θ˜Z
∑
X ∈Irr(C )
N X
∗
Z ∗,Y dim
R (X ∗)
= θ˜−1Y dim
R (Y )
∑
Z∈Irr(C )
θ˜Z |Z |2.
We have a similar formula for θ−1 using simultaneously the Propositions 2.6 and 2.8.
Lemma2.12. — Let Y be a simple object of a braided pivotal fusion categoryC equippedwith
the twist θ associated to the pivotal structure. Then
(2.3)
∑
X ∈Irr(C )
θ−1X dim
R (X )SR ,RX ,Y = θY dim
R (Y )τ−(C ).
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Proof. — Using the fact that θ rev = θ−1 is a twist for the category C rev, we deduce from
Lemma 2.11 that ∑
X ∈Irr(C )
θ revX dim
L (X )S rev,R ,RX ,Y = (θ
rev
Y )
−1dimR (Y )τ+(C rev,θ rev).
From the proposition 2.6, one has dimL (X )S rev,R ,RX ,Y = dim
R (X )SR ,RX ∗,Y and as C and C rev have
the same simple objects, we have τ+(C rev,θ rev) = τ−(C ). Therefore
θY dim
R (Y )τ−(C ) =
∑
X ∈Irr(C )
θ−1X dim
L (X )S rev,R ,RX ,Y
=
∑
X ∈Irr(C )
θ−1X dim
R (X )SR ,RX ∗,Y
=
∑
X ∈Irr(C )
θ−1X ∗ dim
L (X )SR ,RX ∗,Y ,
the last equality being the Proposition 2.8. As X 7→ X ∗ is a bijection of Irr(C ), we conclude
using dimL (X ) = dimR (X ∗).
2.4. Nondegenerate braidedpivotal categories. — It is well known that amodular category
gives rise to a projective representation of SL2(Z). We aim to generalize this result to cate-
gories with a pivotal structure which is not necessarily spherical.
Hypothesis. In this section, we suppose that the categoryC is a nondegen-
erate braided pivotal fusion category.
All ring homomorphisms Gr(C )→ | are then of the form sRX for X a simple object ofC . In-
deed, such a ringhomomorphism is the sameas a linear character of the |-algebra |⊗ZGr(C ),
which is semi-simple: if eX = (
∑
Y ∈Irr(C ) s
R
X (Y )s
R
X (Y
∗))−1
∑
Y ∈Irr(C ) s
R
X (Y
∗)[Y ] is the idempo-
tent associated to sRX then |⊗Z Gr(C ) =
⊕
X ∈Irr(C )|eX since s
R
X = s
R
Y if and only if X and Y
are isomorphic (
∑
Y ∈Irr(C ) s
R
X (Y )s
R
X (Y
∗) is non-zero by [EGNO15, Lemma 8.20.9]). The map
Y 7→ sRX (Y ∗) is a character of Gr(C ) hence equal to sRX¯ for some X¯ ∈ Irr(C ). This defines an
involution¯on Irr(C ). Note that if the pivotal structure is spherical, this involution is nothing
more than the duality.
Proposition 2.13. — The object 1¯ is invertible and X¯ ≃ X ∗ ⊗ 1¯.
Proof. — LetCad be the adjoint subcategory ofC [EGNO15, Definition 4.14.5]: it is the small-
est tensor Serre subcategory of C containing all X ⊗ X ∗ for X simple. ForK a subcategory
of C we denote by K co the commutator of K [EGNO15, Definition 4.14.10]: it is the Serre
tensor subcategory generated by all simple objects X of C such that X ⊗ X ∗ ∈ K . Apply-
ing [EGNO15, Proposition 8.22.6] to K = C , we obtain that ZC (Cad) = (Zsym(C ))co, where
ZC (Cad) is the centralizer of Cad in C [EGNO15, Definition 8.20.1]. As Zsym(C ) is generated
by 1, we obtain that (Zsym(C ))co is the pointed subcategory ofC .
Now, let us show that 1¯ is indeed in ZC (Cad). By [EGNO15, Proposition 8.20.5], it suffices
to show that SR ,R
1¯,Y
= dimR (1¯)dimR (Y ) for all simple objects Y in Cad. By definition of 1¯, we
have SR ,R
1¯,Y
= dimR (1¯)dimL (Y ). Now, we consider the slope, which is an tensor autofunctor of
idC [BV13, Section 4.C]. On a simple object X it is defined as:
SlX :=
dimL (X )
dimR (X )
idX .
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It is now immediate that for all Y inCad we have SlY = idY since dimR (X ∗) = dimL (X ) for any
simple object X . This shows that for any simple object Y in Cad the left and right quantum
dimensions coincide and therefore SR ,R
1¯,Y
= dimR (1¯)dimR (Y ). Hence, we can conclude that 1¯
is an invertible object.
Now, as 1¯ is invertible, X ⊗ 1¯ is simple for any simple object X . Showing that sR
X ∗⊗1¯(Y ) =
sRX (Y
∗) for any simple object Y ends the proof:
sR
X ∗⊗1¯(Y ) =
dimR (Y )
dimR (X ∗ ⊗ 1¯)
sRY (X
∗⊗ 1¯) = dim
R (Y )
dimR (X ∗ ⊗ 1¯)
sRY (X
∗)sRY (1¯)
=
SR ,RY ,X ∗
dimR (X ∗)dimR (Y )
sR
1¯
(Y )
=
S L ,LY ∗,X
dimR (X ∗)dimR (Y )
dimR (Y ∗)
=
SR ,RY ∗,X
dimR (X )
= sRX (Y
∗).
Corollary 2.14. — Under the same hypothesis, for any simple objects X and Y we have S
R ,R
X¯ ,Y
=
SR ,R
X ,Y¯
.
Proof. — Bydefinitionof sR
X¯
, wehaveSR ,R
X¯ ,Y
= dimR (X¯ )sR
X¯
(Y ). ButdimR (X¯ ) = dimR (1¯)dimR (X ∗)
and dimR = sR1 so that
dimR (1¯)dimR (X ∗) = dimR (1¯)sR
1¯
(X ) = S
R ,R
1¯,X
= dimR (X )sRX (1¯).
Hence we have SR ,R
X¯ ,Y
= dimR (X )sRX (Y
∗⊗ 1¯)which leads to the conclusion.
If the pivotal structure is spherical, the square of the S-matrix is well known: up to a scalar
multiple, it is the permutation matrix given by the duality on simple objects (see [EGNO15,
8.14] for further details). Let E be the square matrix such that EX ,Y =δX ,Y¯ .
Proposition2.15. — LetC be anondegenerate braidedpivotal fusion category. Then (SR ,R )2 =
dim(C )dimR (1¯)E .
Proof. — Since C is nondegenerate, for X ,Y ∈ Irr(C ), the equality sRX = sRY as characters of
Gr(C ) holds if and only if X = Y .
Suppose Y 6= Z¯ . We have, thanks to the orthogonality of characters [EGNO15, Lemma
8.14.1], ∑
X ∈Irr(C )
SR ,RY ,X S
R ,R
X ,Z = dim
R (Y )dimR (Z )
∑
X ∈Irr(C )
sRY (X )s
R
Z¯
(X ∗) = 0.
It remains to compute (SR ,R )2
Y ,Y¯
:∑
X ∈Irr(C )
S
R ,R
Y ,X S
R ,R
X ,Y¯
=
∑
X ,W ∈Irr(C )
NW
Y ,Y¯ dim
R (X )S
R ,R
X ,W
=
∑
W ∈Irr(C )
dimR (W )NW
Y ,Y¯
∑
X ∈Irr(C )
dimR (X )sRW (X ).
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As dimR (X ) = sR1 (X ) = s
R
1¯
(X ∗), the second sum is zero unlessW = 1¯ and is equal to∑
X ∈Irr(C )
dimR (X )sR
1¯
(X ) =
∑
X ∈Irr(C )
dimR (X )dimL (X ) = dim(C ).
Moreover, as Y¯ ≃ Y ∗⊗ 1¯, we haveN 1¯
Y ,Y¯
= 1 and (SR ,R )2
Y ,Y¯
= dimR (1¯)dim(C ).
Corollary 2.16 (Verlinde formula). — LetC be a nondegenerate braided pivotal fusion cate-
gory and X ,Y ,Z ∈ Irr(C ). The structure constants of Gr(C ) are given by
N ZX ,Y =
1
dim(C )dimR (1¯)
∑
W ∈Irr(C )
SR ,RW ,XS
R ,R
W ,Y S
R ,R
W ,Z¯
dimR (W )
.
Recall that giving a pivotal structure on a braided monoidal category is equivalent to en-
dowing the category with a twist using the conventions given before Remark 2.
Lemma2.17. — LetC be a nondegenerate braided pivotal fusion category. Then for X simple,
θX¯ = θ1¯θX .
Proof. — Taking the right quantum trace of the morphism θX ∗⊗1¯ = θX ∗ ⊗ θ1¯ ◦ c1¯,X ∗ ◦ cX ∗,1¯ we
obtain
θX¯ dim
R (X¯ ) = θX ∗θ1¯S
R ,R
X ∗,1¯ = θX ∗θ1¯dim
R (1¯)sR
1¯
(X ∗)
= θX ∗θ1¯dim
R (1¯)dimR (X ).
The equality θX¯ = θ1¯θX follows then immediately from the fact that X¯ ≃ X ∗ ⊗ 1¯ and from the
Proposition 2.8.
Remark. — Taking for X the simple object 1¯, we find that θ 2
1¯
= 1.
As in the case of a spherical category [EGNO15, Proposition 8.15.4], the Gauss sums satisfy
τ+(C )τ−(C ) = dim(C ) and hence are non-zero.
Proposition 2.18. — LetC be a nondegenerate braided pivotal fusion category. Then θ1¯ = 1,
where θ is the twist associated to the pivotal structure. Therefore for any simple object X , one
has θX¯ = θX .
Proof. — Using the fact thatC is nondegenerate, we have, as in [EGNO15, Corollary 8.15.5]∑
X ∈Irr(C )
θ−1X dim
R (X )SR ,RX ,Y = θY¯ dim
L (Y¯ )τ−(C )dimR (1¯).
As Y¯ ≃ Y ∗⊗ 1¯, θY¯ = θ1¯θY and |1|2 = 1 we have∑
X ∈Irr(C )
θ−1X dim
R (X )S
R ,R
X ,Y = θ1¯θY dim
R (Y )τ−(C ).
This equality for Y = 1, together with Lemma 2.12, show that θ1¯ = 1.
The group SL2(Z) has a presentation given by:
〈s, t | s4 = 1, (st)3 = s2〉
by choosing
s=

0 −1
1 0

and t=

1 1
0 1

.
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We now choose an embedding |alg → C. The categorical dimension of C being a totally
positive number [EGNO15, Theorem 7.21.12], we denote its positive square root for the cho-
sen embedding by
p
dim(C ). We moreover choose a square root
Æ
dimR (1¯) of dimR (1¯). The
T -matrix ofC is the diagonalmatrix given by the action of the inverse of the twist θ on simple
objects. We have the non-spherical analogue of [EGNO15, Theorem 8.16.1]:
Theorem 2.19. — Let C be a nondegenerate braided pivotal fusion category. We have
(SR ,RT )3 = τ−(C )(SR ,R )2 and (SR ,R )4 = (dim(C )dimR (1¯))2 id. Therefore
s 7→ 1Æ
dimR (1¯)
p
dim(C )
SR ,R and t 7→ T
define a projective representation of SL2(Z).
We can show that that SR ,R and T satisfy (SR ,RT −1)3 = τ+(C )dim(C )dimR (1¯)2 id. Indeed,
we have
SR ,RTSR ,R = τ−(C )T −1SR ,RT −1.
Multiplying by SR ,R on both sides, using Proposition 2.15 and the fact that θX¯ = θX , we have
dim(C )2dimR (1¯)2T = τ−(C )SR ,RT −1SR ,RT −1SR ,R ,
which gives (SR ,RT −1)3 = τ+(C )dim(C )dimR (1¯)2 id since τ+(C )τ−(C ) = dim(C ).
Define ξ(C ) = τ+(C )p
dim(C )
Æ
dimR (1¯) so that the images of s and t satisfy
s
4 = id, (st)3 = ξ(C )−1s2 and (st−1)3 = ξ(C ) id.
Corollary 2.20. — LetC be a nondegenerate braided pivotal fusion category overC. Let
eSR ,R := 1Æ
dimR (1¯)
p
dim(C )
SR ,R .
Then the finite set Irr(C ), the unit object 1 and the matrices eSR ,R and T −1 define a N-modular
datum.
Proof. — It remains to show that the matrix eSR ,R is unitary. Since (S˜R ,R )2 is the permutation
matrix given by the involution ¯ , we show that
S˜R ,RX ,Y = S˜
R ,R
X ,Y¯
for allX ,Y ∈ Irr(C ). Following [ENO05, Proposition2.12], one shows that for anyX ,Y ∈ Irr(C ) eSR ,RX ,YeSR ,R1,Y

=
eSR ,RX ∗,YeSR ,R1,Y
and therefore
eSR ,RX ,Y = eSR ,R1,YeSR ,R1,Y eSR ,RX ∗,Y =
eSR ,R1,YeSR ,R
1,Y¯
eSR ,R
X ,Y¯
,
the last equality following by definition of the involution ¯ . But
eSR ,R1,Y =
Æ
dimR (1¯)dimR (Y ∗)p
dim(C )
,
since
Æ
dimR (1¯) is a root of unity and dimR (Y ) = dimR (Y ∗) (see [ENO05, Proposition 2.9]). We
conclude using the fact that Y¯ ≃ Y ∗⊗ 1¯.
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We now generalize Vafa’s theorem to the setting where the pivotal structure is not neces-
sarily spherical.
Theorem 2.21. — Let C be a nondegenerate braided pivotal fusion category. Then for any
simple object X , the twist θX is a root of unity and so is ξ(C ).
Proof. — We follow the proof of Vafa [Vaf88]. For X1,X2 and X3 objects in C , we define the
following endomorphisms of X1⊗X2 ⊗X3:
θ1 := θX1 ⊗ idX2⊗X3 , θ2 := idX1 ⊗θX2 ⊗ idX3 , θ3 := idX1⊗X2 ⊗θX3 ,
θ12 := θX1⊗X2 ⊗ idX3 , θ23 := idX1 ⊗θX2⊗X3 , θ13 := (idX1 ⊗cX3,X2 ) ◦ (θX1⊗X3 ⊗ idX2 ) ◦ (idX1⊗c −1X3,X2).
It is not difficult to show that
(2.4) θ12θ13θ23 = θX1⊗X2⊗X3θ1θ2θ3.
We now fix a simple object X and consider this identity for X1 = X3 = X and X2 = X
∗. The
vector space VX :=HomC (X ,X ⊗X ∗⊗X ) is non-zero, and therefore the identity (2.4) gives rise
to an identity of operators in this vector space. We compute the determinant of both sides.
The determinant of the right-hand side is
θ
3dim(VX )
X θ
dim(VX )
X ∗ .
Similarly to [BK01], one can show that the determinant of the left-hand side is∏
Y ∈Irr(C )
θ
AX ,Y
Y ,
where AX ,Y = 2N
Y
X ,X ∗N
X
Y ,X +N
Y
X ,XN
X
Y ,X ∗ .
Since θX ∗ = θX
dimL (X )
dimR (X )
= θX
sRX (1¯)
dimR (1¯)
, we obtain:
∏
Y ∈Irr(C )
θ
MX ,Y
Y =
sRX (1¯)
dimR (1¯)
,
whereM = A − 4id. As dim(VX ) = 13
∑
Y ∈Irr(C ) AX ,Y , the matrixM is strictly diagonally dom-
inant and therefore invertible. The object 1¯ being invertible,
sRX (1¯)
dimR (1¯)
is a root of unity, which
ends the proof because we can diagonalizeM by row and column operations.
The assertion on ξ(C ) follows now immediately from Theorem 2.19.
Example 2.22. — We end this section with the example of the |-linear semisimple category
VecZ/nZ ofZ/nZ-graded vector spaces, withn odd. We denote the degree of anhomogeneous
element x in a Z/nZ-graded vector space X by |x |. For k ∈ Z/nZ, we denote by δk the one
dimensional vector space in degree k . Therefore every simple object in VecZ/nZ is isomorphic
to some δk .
The classification of braided monoidal structures on VecZ/nZ is given in [JS93, Section 3].
Given ζ an element in | such that ζn = 1, the associativity constraint is
αX ,Y ,Z : (x ⊗ y )⊗ z 7→ x ⊗ (y ⊗ z ),
and the braiding is
c
ζ
X ,Y : x ⊗ y 7→ ζ|x ||y |y ⊗ x
for x and y homogeneous elements. The simple object δk is in the symmetric center of
VecZ/nZ equipped with the braiding c
ζ if and only if we have ζ2k = 1. Hence the category is
